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Abstract

Modern reasoning models depend on reasoning data, today sourced from human
annotations or distilled from stronger LLMs. However, a rich and largely untapped
source of supervision lies in expert systems (e.g., game engines, classical planners,
theorem provers), which routinely produce near-optimal actions across diverse
domains. But these experts are silent: they commit to an action without writing
down the chain of thought (CoT) behind it. Recovering that CoT as natural-
language reasoning would distill expert knowledge into a student that generalizes
beyond the demonstrated actions. We treat it as a latent variable and study how to
recover it from the action alone. Our approach, LeAct (Learning to reason from
Actions), optimizes this latent variable: the student samples candidate CoTs for
each expert action, and we retain those that measurably improve its own probability
of recovering the action. Across imperfect-information games at multiple scales
and a simulated robotics benchmark, LeAct reaches the solver’s numerical floor
on small enumerable games. At larger scale, it is 5× closer to the solver than
the strongest expert-iteration baseline. At Flop Hold’em (∼ 109 infosets), LeAct
wins head-to-head by +60mbb/g, and on the robotics probe it is the only training
recipe that improves on direct imitation. We present a principled framework and
the result: expert systems become a categorically new source of reasoning teachers
for foundation models.

1 Introduction

Building chain-of-thought (CoT) data is now a crucial bottleneck for reasoning language models [34,
11]. There is no shortage of work trying to scale beyond human annotation by automatically labeling
CoT, either through distillation from stronger LLMs [15, 31, 11] or by bootstrapping a model’s own
outputs [57, 10, 38]. But these methods rarely close the loop directly on the CoT itself. Filtering
on synthetic CoT typically targets answer correctness or surface plausibility. But whether the CoT
actually contributes to the student’s prediction remains uncertain.

We draw from a different source: silent action experts (game solvers [61, 45, 6], classical planners,
robotic planners [46], theorem provers [27]). Each commits to a near-optimal action at every state,
but neither the action nor the reasoning behind it is expressed in natural language. The naive approach,
asking a student LLM to write a CoT for each expert action, runs into rationalization [50, 23]: the
CoT can be plausible while bearing no causal link to the action it accompanies. We close the loop
instead. For every state-action pair, the student samples multiple candidate CoTs, and we retain
only those that raise the student’s own probability of recovering the expert action. The filter is the
load-bearing step: replacing it with random ranking erases the advantage in our ablations.

LeAct (Learning to reason from Actions) realizes this idea as an iterative training pipeline (Fig. 1).
The conventional reason-then-act paradigm [55] takes reasoning as input and produces actions at
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Figure 1: LeAct turns silent action experts into reasoning teachers. For each state x, the student
samples candidate explanations conditioned on the oracle’s action π∗(· | x). We keep those that raise
the student’s predicted probability of the action and use them as CoT to fine-tune the student.

inference time; LeAct runs that loop in reverse at training time, conditioning on the expert action,
sampling reasoning that recovers it, and training on the reasoning that survived the filter. The recipe
accepts any action-only oracle: a CFR solver, a deep RL policy, or a frontier LLM committed to a
single demonstration trajectory. We test all three families: CFR solvers on enumerable poker settings
like Leduc Hold’em [44]; a DeepCFR [6] policy on Flop Hold’em (∼109 infosets); and frontier-LLM
successful trajectories on a simulated robotics benchmark [9].

Contributions. We make three: a new non-LLM source of CoT supervision, a latent-variable
derivation of the algorithm, and empirical results on various games and a robotics benchmark.

• A non-LLM data source for CoT supervision. Rather than mining intermediate text [38, 57],
LeAct converts a structured action policy π∗(· | x) from any non-LLM oracle into natural-language
reasoning data, a categorically distinct supervision modality from prior CoT pipelines.

• A principled algorithm (§3). We treat the CoT as a latent variable connecting state X to expert
action Y ∗ ∼ π∗, and derive a learning procedure from this view. The E-step reduces to ranking
candidate CoTs by how much each helps the student’s own decision-making, and the M-step
prescribes π∗ as the SFT target. LeAct sits in the recent line of latent-EM self-improvement [38],
but anchors the latent to an external expert action rather than to text the model itself produced.

• Empirical results (§5–6). We test LeAct on imperfect-information games [22] at multiple scales
and on a simulated robotics cube-stacking benchmark [9]. A student trained with LeAct matches
the expert solver on small games, beats both behavior-cloning and expert-iteration baselines at the
large games we test, and is the only recipe that improves on direct imitation in our robotics setting.
The advantage holds on unseen states, and we trace it to the explanation-selection step.

2 Related Work

The closed-loop feedback gap in CoT supervision. There is no shortage of CoT-supervision work:
humans label rationales by hand [54, 18], stronger LLMs distill them into smaller students [15, 31, 11],
and self-improvement loops mine latent thoughts from text the model itself produces [57, 16, 58,
10, 42, 38]. What none of these provide is a closed-loop feedback signal that decides which CoTs
are worth training on by checking them against an external authority. Existing pipelines either skip
the filter entirely (annotation, distillation), filter by binary correctness against a single verifiable
answer [57, 10, 42], or filter by the model’s own likelihood [38, 7]. In every case the supervision
signal is either absent or LLM-internal. LeAct fills this gap: each candidate CoT survives only if it
measurably increases the student’s own probability of recovering an external oracle’s action, closing
the loop with supervision that originates outside the LLM family.
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External verifiable feedback for training reasoning. A second line of work uses an external oracle
or verifier as the training signal, instead of (or alongside) text the LLM itself produced. Pairing a
generator with an external checker is a long-running training recipe across game outcomes, formal
verifiers, and theorem provers [41, 48, 17, 35, 26, 27, 32]. In the LLM-reasoning literature this signal
takes three forms. At the outcome level, reinforcement learning with verifiable rewards [40, 11, 20,
34, 14, 30, 19] runs RL against a binary reward when the final answer matches ground truth. Expert
Iteration [2] and rejection sampling fine-tuning [8, 56, 47] use the same outcome signal in an SFT
loop: sample candidates, keep those the oracle endorses, fine-tune on the survivors. At the step level,
process reward models [51, 24, 52, 59, 39] train a separate verifier and apply it to each reasoning step.
LeAct uses a graded version of the Expert Iteration signal: each candidate CoT is scored by how
much it raises the student’s probability of the oracle’s full action distribution, a continuous signal that
works where the optimal action is mixed and no single token is the correct answer. Conditioning the
backward CoT on the expert action is a hindsight-relabelling step [1, 29], re-pairing each state with an
outcome the model knows is correct. A complementary line treats reasoning itself as inference-time
search [13, 43]; LeAct acts at training time, selecting which CoT samples become supervision rather
than how to deploy them.

3 Method

The goal is to convert action-only oracles into thinking traces for training LLMs. Two obstacles:
the reasoning trace z is never observed, inherently a latent variable; and the observed actions are in
structured game action space rather than text, modality misalignment. We design a closed-loop that
adapts Ruan et al. [38]’s proposal-and-score framework to our scope of action supervision instead of
text backfilling.

3.1 Problem Formulation

Setup. We consider a decision-making setting where states x ∈ X are drawn from a task of interest,
in which an action oracle (a CFR solver, a classical planner, a verifiable controller, or a trained policy)
supplies a per-state expert action distribution π∗( · | x). The student LLM follows a reason-then-act
paradigm, generating an intermediate chain-of-thought z before committing to an action y; we model
this explicitly by treating z as a latent reasoning variable and factoring the joint distribution as
pθ(z, y | x) = pθ(z | x) pθ(y | x, z). Training data is {(xi, π

∗( · | xi))}i: we observe states and
expert policies but no reasoning traces.

Objective. Maximise the marginal log-likelihood of expert actions under the student LLM,

J (θ) = Ex Ey∼π∗(·|x)
[
log pθ(y | x)

]
, (1)

intractable because pθ(y | x) =
∑

z pθ(z | x) pθ(y | x, z) marginalises a latent natural-language
trace. The outer expectation Ey∼π∗ is realised at the M-step (§3.3): closed-form against π∗ when the
oracle exposes a full distribution, and a Dirac mass when it commits to a single action.

3.2 A View from Variational-EM

Backward proposal and IWAE bound. Introduce a backward proposal qbwd(z | x, y), instantiated
by prompting the LLM to generate a CoT given (x, y), and draw N candidates z1, . . . , zN ∼ qbwd(· |
x, y) per state. The N -sample importance-weighted bound [7], which we denote LN (θ), is

J (θ) ≥ LN (θ) := Ex Ey∼π∗ Ez1..N∼qbwd(·|x,y)

[
log

1

N

N∑
i=1

pθ(zi, y | x)
qbwd(zi | x, y)

]
, (2)

strictly tighter than the standard ELBO and exact as N→∞, holding for any qbwd including a fixed
LLM (which sidesteps the variational gradient through qbwd that the N=1 ELBO would require).
Burda et al. [7, Eq. 8] show that the gradient of LN (θ) is a per-sample weighted SFT update,

∇θ LN = Ex Ey∼π∗ Ez1..N∼qbwd

[
N∑
i=1

w̃i ∇θ log pθ(zi, y | x)

]
, (3)
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with normalised soft weights w̃i = wi/
∑

j wj and wi = pθ(zi, y | x)/qbwd(zi | x, y), and qbwd

held fixed at the previous-round parameters within each round, evolving across rounds through the
shared M-step updates.

Factorising the IWAE weight wi into a task term and a proposal term. Bayes’ rule factorises
each per-sample weight wi from Eq. (3) as

wi =
pθ(y | x, zi)
pθ(y | x)︸ ︷︷ ︸

= exp∆(zi; x,y)

· pθ(zi | x)
qbwd(zi | x, y)︸ ︷︷ ︸

ρ(zi; x,y)

· pθ(y | x), (4)

with ∆(z; x, y) := log pθ(y | x, z) − log pθ(y | x). The marginal pθ(y | x) is constant in i and
cancels in w̃i = wi/

∑
j wj . The two remaining factors live on opposite sides of the action–CoT

modality boundary. ∆ is a ratio over the structured expert action y (a probability vector or discrete
label whose task-level meaning is independent of its language rendering), and asks whether zi raises
the student’s probability of y (implementation in §3.3). ρ is a ratio over the free-form CoT zi,
which has no such structured target; it measures whether the proposal exploited y in generating zi,
not whether zi usefully decides y. We therefore approximate w̃i ∝ exp∆(zi; x, y), retaining the
task-grounded factor; dropping ρ is unavailable to latent-text variants without an action anchor [38].
§6 verifies the resulting ∆-only filter is load-bearing; App. A.1 gives the bound-level statement and
the conditions under which the ρ-drop preserves ranking.

LeAct objective. Substituting w̃i ∝ e∆(zi; x,y) into Eq. (3) yields the (approximate) M-step that
defines the LeAct training objective:

max
θ

Ex Ey∼π∗(·|x) Ez1..N∼qbwd

[ N∑
i=1

w̃i log pθ(zi, y | x)︸ ︷︷ ︸
SFT loss

]
, w̃i =

e∆(zi; x,y)∑N
j=1 e

∆(zj ; x,y)
. (5)

In §3.3 we approximate this softmax with a hard top-K filter to recover a plain joint SFT loss.

3.3 LeAct in Practice

We now specify the three stages that produce the SFT dataset D and realise the M-step: backward
generation of CoT candidates, forward-delta evaluation with top-K selection, and expert-policy
forcing combined with joint backward supervision.

Backward generation (E-step proposal). We instantiate the backward proposal qbwd by prompting
the current student. The prompt gives the state x and a qualitative summary π̃∗ of the expert
distribution π∗(· | x) (for example, “mostly fold with occasional calls”), and asks the student to
explain why this strategy is optimal. We draw N candidates z1, . . . , zN per state. The qualitative
redaction prevents the backward generator from copying π∗ verbatim from its prompt (example traces
in App. G). Conditioning on the expert action anchors the explanation in a known-good answer rather
than searching forward for one, applying the hindsight-relabelling intuition (§2) to CoT supervision:
the silent action becomes a teaching signal once paired with the explanation it licenses.

Forward delta scoring and top-K selection. For each candidate zn we evaluate ∆(zn;x, y) from
Eq. (4), with both terms read off the student’s parsed textual policy line over actions (implementation
and fidelity audit in App. A.4). The conditional log pθ(y | x, zn) uses the line decoded under the
candidate trace; the baseline log pθ(y | x) = logEz∼pθ(z|x)

[
pθ(y | x, z)

]
is estimated by Monte

Carlo from M self-generated forward traces z(i) ∼ pθ(z | x) (no gold-action conditioning). We
then form the per-state average ∆̄(z;x) = Ey∼π∗ [∆(z;x, y)]. For oracles that commit to a single
action rather than a distribution, the log-likelihood terms in ∆(z;x, y) are replaced with a heuristic
action-match reward against y∗; the rest of the pipeline is unchanged.

Carrying the softmax weights w̃i ∝ e∆i into the M-step costs O(N · |X |). We sparsify in two
complementary steps:

Zx = top-K
{
zj ∼ qbwd : ∆̄(zj ; x) > 0

}
, D = {(x, z) : x ∈ X , z ∈ Zx}. (6)

The positive-∆̄ filter is a semantic admission criterion (only baseline-beating traces enter SFT), not a
soft-weight approximation; it is what makes the round-over-round bound non-decreasing. The top-K
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Algorithm 1: The LeAct algorithm
Input :Expert oracle π∗, initial model θ0, states X , backward prompt template Pbwd, candidates

N , selection count K, rounds R
Output :Trained model θR
for round r = 1, 2, . . . , R do

// E-step: backward generation
for each state x ∈ X do

Sample z1, . . . , zN ∼ pθr−1

(
· | Pbwd(x, π̃

∗(x))
)

// E-step: forward delta scoring (impl. App. A.4)
for each candidate (x, zj) do

∆̄j ← ∆̄(zj ; x) // average ∆ from Eq. (4), y ∼ π∗(· | x)
// Hard top-K on positive deltas
for each state x do
Zx ← top-K{zj : ∆̄j > 0}

// M-step: forward + backward joint SFT
Dfwd

r ← {(x, (z, π∗(· | x))) : x ∈ X , z ∈ Zx}
Dbwd

r ← {((x, π̃∗), z) : x ∈ X , z ∈ Zx}
θr ← SFT

(
θr−1, Dfwd

r ∪ Dbwd
r

)
return θR

indicator is the softmax truncation, cutting cost to O(K · |X |). The gate tightens across rounds: as
the student improves, traces that merely match its current forward output drop out.

Expert-policy forcing and joint backward supervision (M-step). Applying the top-K filter from
Eq. (6) to the LeAct objective Eq. (5) reduces the M-step to a joint SFT loss L = Lfwd+Lbwd on the
selected traces D. Lfwd trains the forward student on inputs x to emit z followed by the oracle’s full
action distribution π∗(· | x). The analogy is teacher forcing in sequence modelling: there the ground-
truth token replaces the model’s own sample as the next-step target; here the oracle’s distribution
replaces any student-decoded policy as the action target. We call this expert-policy forcing (EPF).
Lbwd retrains the backward proposal on inputs (x, π̃∗) to emit z, the reweighted-wake-sleep [4]
update on qbwd. EPF is closed-form against a distributional oracle, and reduces to standard SFT on
the single action when the oracle commits to one. Across rounds, Lbwd tracks qbwd to the posterior
under the current student, monotonically tightening the IWAE bound. Full formulae are in App. A.2;
iteration dynamics are in App. C.

4 Experimental Setup

We evaluate LeAct on six imperfect-information games (Leduc Hold’em at three scales, Liar’s
Dice, 3-Player Leduc, Flop Hold’em) and the BuilderBench [9] robotics cube-stacking benchmark,
summarised in Table 1; per-domain rules and oracle construction are in App. I.1, F.

Recipe and baselines. We use Qwen3-8B [36] as the student LLM throughout. Fixing the backbone
is by design: it isolates supervision quality from model scale, Qwen3-8B is a representative open-
weight student, and 8B fits within the compute budget required to fully train all seven settings. The
base model lacks the game-specific forward/backward competence to seed reasoning traces directly,
so the two iterative methods (COT EXIT and LeAct) both initialise from a frontier-LLM-generated
coldstart corpus and run 3 training rounds. The coldstart is shared per-setting between the two, so
any gap between them is attributable to the iteration phase. Full setup details are in App. I.

• NOCOT BC skips the CoT-candidate step: a single SFT pass on (x, π∗(· | x)) pairs without a
reasoning channel. Because it produces no CoT, it is not directly comparable on a data-centric
basis with the iterative methods; we report it as a memorisation anchor.

• COT EXIT is standard expert iteration [2, 41] with a thinking model: each round samples N=8
forward rollouts (z, y) per state, ranks them by KL of the model’s parsed action distribution to the
oracle, retains the top-K=2 as next-round SFT data, and uses the parsed action distribution itself
(not π∗) as the action target (the standard expert-iteration practice; we ablate this in §6).

• LeAct samples N=8 backward CoT candidates per state conditioned on the expert action, ranks
them by forward delta against the student’s own self-baseline (M=4 parallel forward decodings,
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Table 1: Evaluation spans four orders of magnitude in scale across game families and a robotics
domain. Per-setting oracle, metric, and regime.

Domain Scale Oracle Metric Regime (split)

Leduc 6r2s 4,032 CFR Exploitability Imitation (full tree)
Leduc 10r4s 47,040 CFR Exploitability Both (full / rank-split)
Leduc 13r4s 79,872 CFR Exploitability Imitation (full tree)
Liar’s Dice 24,576 CFR Exploitability Imitation (full tree)
3-Player Leduc 13,878 CFR NashConv Imitation (full tree)
Flop Hold’em (FHP) ∼109 DeepCFR KL + mbb/g Generalisation (20K hold-out)
BuilderBench 46 tasks Frontier-LLM traj. task progress Both (in-domain / OOD)

“Both” = the game is evaluated under both imitation (full tree) and generalisation (held-out split) regimes.

no gold-action conditioning), retains the top-K=2 as next-round SFT data, and uses π∗ as the
action target (expert-policy forcing). This is not a design choice: the M-step prescribes it (§3.2),
and empirically it is also the better target (§6).

Two reasons we do not implement RL/policy-gradient baselines (e.g., GRPO [11]): this work targets
SFT / mid-training, and COT EXIT already approximates a coarse-grained REINFORCE through
its rollout-and-bootstrap loop. Each round retains K=2 CoTs per state. COT EXIT trains on the
forward direction only (K|X | examples per round), while LeAct’s M-step jointly trains forward and
backward directions (2K|X | per round). For each (method, setting) we report at the round (out of
3) with the best evaluation metric. Per-round dynamics, the stopping rule, and R1-only separation
evidence are in App. C.

Two output formats. The seven settings split into two regimes by what the model emits at decoding
time. The six imperfect-information games (Leduc, Liar’s Dice, 3-Player Leduc, FHP) ask the
model to output a mixed-strategy distribution per state. Each forward decode emits a parsed action
distribution whose KL to the oracle π∗ is the unit of supervision. BuilderBench instead asks for a
single JSON action per turn over a multi-turn cube-stacking rollout: success is multi-step progress.
Absolute scores are not comparable across regimes; only within-regime method ordering is. Because
BuilderBench’s per-state KL is unavailable when the oracle commits to a single action, we replace
forward-delta scoring (and COT EXIT’s ranking) with a heuristic action-match reward against the
oracle’s action y∗ for both methods (App. D.2.1); the rest of the recipe is unchanged.

Metrics. For two-player zero-sum games (Leduc, Liar’s Dice) we report exploitability (best-response
gap to Nash; 0= Nash). For 3-Player Leduc we report NashConv [21], an n-player generalisation
that reduces to 2× exploitability when n=2. At FHP we report mean KL to the DeepCFR teacher
and chip-outcome win rate in mbb/g (milli-big-blinds per game, the standard heads-up play-strength
unit; App. D.3). On BuilderBench we report cube-placement progress (per-task fraction of cubes
placed at target positions, averaged over 64 inference rollouts per task and then across tasks). All
reasoning-game metrics are reported under single (one CoT → one action) and BON (per infoset,
the candidate with smallest KL to π∗ across N samples; oracle-aware), the standard inference-time
scaling axis [53]. All are lower-is-better, except BuilderBench’s cube-placement progress.

Evaluation regime. Imitation is evaluated on the full game tree at enumerable scales (Leduc, Liar’s
Dice, 3-Player Leduc) and on BuilderBench’s in-domain 26-task partition (where the trajectory pool
produced at least one fully-successful episode). Generalisation is evaluated on a held-out infoset
split at FHP, a feature-disjoint rank-split at Leduc 10r4s (test ranks never appear in training), and
BuilderBench’s OOD 20-task partition (where the best-of-3 frontier-model trajectory pool produced
no successful trajectory; App. I.2).

5 Results

LeAct treats expert actions as imitation supervision while producing a latent CoT alongside each
action; the empirical question is whether this latent helps relative to imitation without latent
(NOCOT BC) or with self-generated latent that bypasses our backward-and-score loop (COT EXIT).
We organise the comparison along two axes. Imitation quality (§5.1): under matched coldstart
and data budget, how closely does the trained forward policy track the expert? We measure across
enumerable game scales (Leduc 4K–80K), player counts (3-player Leduc), game families (Liar’s
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Figure 2: Imitation quality: LeAct matches NOCOT BC where memorisation fits, and dominates
where it doesn’t. Five game settings (4K–80K infosets, log y-axis, lower better, BON uses N=8)
and BuilderBench in-domain 26 tasks (linear y-axis, higher better; N=64). Numbers in Table 8.

Dice), and domains (BuilderBench cube-stacking). Generalisation (§5.2): does the advantage persist
on states the model never saw during training, where memorisation alone would not transfer? We test
on the Flop Hold’em hold-out infoset, the Leduc rank-split, and BuilderBench’s OOD task partition.

5.1 Imitation

LeAct matches or beats both baselines on BON inference everywhere outside the 6r2s memorisation
regime (Fig. 2). The BON advantage comes from generation diversity rather than higher single-
sample quality: at Leduc 10r4s, LeAct’s single-to-BON ratio is several times that of NOCOT’s, and
on BuilderBench in-domain LeAct starts at the lowest single-sample progress but leads at BON
across all four recipes. The CoT spreads the per-state action distribution, so BON catches better
samples than any single draw.

Scaling on poker. At 6r2s (4K infosets) the Nash table fits in model capacity and NOCOT’s
tabular memorisation suffices. At 13r4s (80K infosets) memorisation breaks: NOCOT BC also stalls
(App. D.1), so the matched COT EXIT ablation (same coldstart, same supervision, same data (game
states) for training) stalling 5.4× worse on single-sample and 4× worse on BON than LeAct isolates
backward-delta selection as the load-bearing component, not the presence of a CoT itself. The trend
is consistent: as scale grows, the value of selecting which CoTs to learn from grows.

Cross-domain results. Beyond two-player Leduc the same imitation gap appears in three further
regimes (different game family, multi-player, robotics). On Liar’s Dice (different game family),
LeAct lands within solver-evaluation noise of the CFR oracle. On 3-player Leduc, LeAct lands
within solver noise while EXIT stalls well above it. At n≥3 players the 2P-zero-sum convergence
guarantee for best-response iteration fails (Banach contraction [3]), so EXIT’s table-fit policies have
no monotone-improvement guarantee across rounds; only LeAct’s reasoning-based policy stays
self-consistent across roles. On BuilderBench cube-stacking in-domain set (using a frontier-LLM
successful trajectory pool as oracle), LeAct is the only training recipe whose BON progress clears
the joint coldstart anchor; the matched COT EXIT comparator even regresses below it (Table 8).

Absolute KL and exploitability values are not directly comparable across these games: action-
space size and Nash-policy concentration both differ, and large game trees like FHP have many
infosets where the optimal move is near-deterministic, pulling the average KL floor lower. What is
interpretable across rows is therefore the within-game ordering rather than the absolute scale.

7



Table 2: LeAct generalises across three held-out regimes. (a) KL (↓) on a random infoset hold-out
(FHP) and a feature-disjoint rank-split (Leduc 10r4s, test ranks never appear in training); cube-
placement progress (↑) on the BuilderBench (BB) OOD partition. Two frontier-anchor rows: gpt-5.5
pass@1 on FHP (a comparator, not data source); the best-of-3 frontier-LLM trajectory pool used as
BuilderBench SFT data, evaluated as a strength baseline on the same OOD partition. (b) FHP chip
outcome in mbb/g over 50K paired hands (head-to-head; ± standard error). Details in App. D.3, D.2.2.

(a) Held-out generalisation.

Leduc 10r4s (↓) FHP 20K (↓) BB OOD (↑)
Method Single BON Single BON Progress

gpt-5.5 — — 0.7530 — —
Frontier traj. — — — — 0.4923
Coldstart 2.462 0.332 0.0321 0.0018 0.4815
NOCOT BC 2.110 0.574 0.0145 0.0049 0.3980
COT EXIT 2.071 0.459 0.0053 0.0011 0.4361
LeAct 0.716 0.168 0.0019 0.0005 0.5777

(b) FHP chip outcome.

NOCOT COT LeAct

NOCOT — +41±31 −60±13

COT −41±31 — −62±28

LeAct +60±13 +62±28 —

5.2 Generalisation

LeAct carries its advantage to states the model never saw during training, across three regimes: a
random infoset hold-out at million-scale (FHP), a feature-disjoint rank-split at medium scale (Leduc
10r4s), and a task-level OOD partition on BuilderBench. Random hold-outs test that the trained
policy is not memorising the training infosets; feature-disjoint splits stress transfer along an axis the
model never saw; the BuilderBench OOD partition stresses generalisation beyond the supervised
demonstration distribution.

Random hold-out at scale: FHP. Flop Hold’em has on the order of 109 playable infosets, several
orders of magnitude beyond the 80K training infosets, so even random sampling exposes the policy
to a state distribution it has never been trained on, making FHP a natural generalisation testbed even
under the random hold-out regime. The absolute KL floor is small because most infosets have near-
trivial optimal strategy (preflop fold lines on weak hands). The within-regime ordering is nonetheless
sharp: LeAct beats both baselines, and a frontier zero-shot anchor (gpt-5.5; Table 2a) lands orders of
magnitude worse. Even a strong general reasoner is therefore severely under-optimised at producing
calibrated numerical mixed strategies for a fine-grained game. Chip-outcome head-to-head (Table 2b)
corroborates the KL ordering.

Feature-disjoint shift: Leduc 10r4s rank-split. The rank-split (train ranks {2, 4, 6, 8,T}, test
{3, 5, 7, 9, J}) forces the model to transfer along a feature axis it never saw during training, a stronger
distribution-shift test than random hold-out. All three methods are retrained from scratch for this
split: the joint coldstart corpus is regenerated on the train ranks alone, and COT EXIT and LeAct
then iterate from this rank-restricted coldstart base. The test ranks {3, 5, 7, 9, J} are never seen during
coldstart or any iteration round. LeAct’s ∼3× lead over COT EXIT on the held-out ranks (Table 2a)
shows that the imitation gap is not memorisation residue, though absolute values remain an order
of magnitude above the imitation regime (single 0.716 vs 0.037): the gain reduces catastrophic
generalisation failure rather than achieving clean transfer.

Task-level OOD on BuilderBench. The OOD partition is 20 tasks that no frontier model in the
best-of-3 trajectory pool fully solved, so the SFT data contains no golden trajectory for any of
these. We report cube-placement progress, a partial-solve metric (fraction of cubes correctly placed),
so non-zero scores correspond to placing some cubes correctly even when the task is not solved
end-to-end. LeAct leads on this partition (Table 2a), and the gain is broad-based across tasks rather
than concentrated on a few easy ones, so the model makes measurable progress on tasks it had no
demonstration for.

6 Analysis

§5.1 establishes that backward-delta selection drives LeAct’s gap over the matched COT EXIT
comparator. This section runs four probes that test whether the gap might instead come from one
of four alternatives, and closes with a compute-overhead analysis. (1) Could any ranking rule have
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by verbatim-π∗ status.

Method Regime Single (↓) BON (↓)

Coldstart — 1.6701 0.2824
COT EXIT EPF 1.0278 0.6191
COT EXIT no-EPF 0.4432 0.0599
LeAct EPF 0.1566 0.0019
LeAct no-EPF 1.0565 0.1940

Table 3: Method and supervision tar-
get are entangled We cross method
(COT EXIT vs LeAct) with expert-
policy forcing (use the oracle’s π∗ vs the
model’s own action) on Leduc 10r4s.
Matched pairings: LeAct+EPF and
COT EXIT+no-EPF.

done equally well? (2) Does our parsed-string proxy faithfully measure the formal ∆? (3) Is the gain
just memorising surface features (e.g. Nash numbers)? (4) Or is it the supervision-target choice (not
backward delta) doing the work?

Delta selection is informative, not random. To test this, we replace forward-delta ranking with
random ranking on Leduc 10r4s, sharpened to top-1 (so any gap comes from the ranking rule, not the
data budget). Forward-delta beats random on both single and BON exploitability (Fig. 3a). LeAct’s
gain therefore comes from which CoTs we keep, not just from keeping any K = 2 subset.

The textual proxy faithfully reads the formal ∆. LeAct scores CoT candidates by reading the
model’s parsed policy distribution, not by computing the token-level log-likelihoods that the formal
∆ is defined over. This is a proxy. We check whether it ranks the same way the formal ∆ would: on
Leduc 13r4s, the parsed-string ∆̄ and a token-level estimator ∆ll agree on the top-1 CoT in 89–98%
of states (App. A.4, Table 5).

The selection signal is not memorised Nash numbers. If LeAct’s scorer were just rewarding CoTs
that quote oracle probabilities verbatim (e.g., “fold 0.376”), then CoTs without such verbatim numbers
would score worse. We split the backward pool by verbatim-π∗ presence: at both Leduc 10r4s and
13r4s, the larger “no verbatim” stratum has a higher mean positive delta than the smaller “with
verbatim” stratum (Fig. 3b). The held-out generalisation results (§5.2) corroborate: a memorisation
shortcut would not transfer to unseen states.

The gap is backward delta, not the supervision target. To separate target choice from method
choice, we run a 2× 2 crossing method (COT EXIT vs LeAct) with target (expert-policy forcing or
EPF, vs the model’s own action). Each cell is a separate run from the shared Leduc 10r4s coldstart,
iterated for 2 rounds at matched data budget. The principled pairs are the diagonals: LeAct+EPF (the
M-step prescribes π∗) and COT EXIT+no-EPF (standard ExIt does not relabel actions). Only these
diagonal cells beat coldstart (Table 3). The off-diagonals collapse because in poker the CoT’s textual
policy line and the model’s decoded action are essentially the same: supervising one with the other is
self-referential and provides no new signal (App. E.1). Within the diagonal, LeAct+EPF dominates
COT EXIT+no-EPF on both Single (0.16 vs 0.44) and BON (0.0019 vs 0.06), so backward-delta
scoring carries the gap, not the EPF target. The cross-domain BuilderBench replication breaks this
coupling and recovers a clean ordering on both axes (App. D.2.2).

Compute overhead. LeAct and COT EXIT both generate N CoTs per state during training (backward
for LeAct, forward for COT EXIT); LeAct’s only extra cost is M parallel short action generation
for forward scoring, negligible relative to the shared long CoT generation pass. The two methods
therefore incur essentially the same training compute.

7 Conclusion

The key idea of this paper is that many domains already have a silent domain-specific expert, and that
the reasoning trace these experts cannot articulate can be recovered by the student itself and filtered
against the expert’s own actions. This opens a new data source for reasoning supervision that does
not require a human annotator or a stronger LLM, and the oracle itself need not be exact. At Flop
Hold’em we score against a DeepCFR teacher, and on BuilderBench against a pool of frontier-model
trajectories, in both cases without modification to the recipe.
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Other silent experts (protein structure predictors, formal proof checkers, robotic-control libraries) are
natural candidates for the same recipe, and the most direct algorithmic extension is merging LeAct
with online RL, where the oracle’s action distribution can serve as a process-level baseline for credit
assignment. How LeAct interacts with frontier-scale students, beyond the 8B fixed here, is another
direct extension.
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A Formulation: Derivations

This appendix gives the derivations summarised in §3.2: (i) the IWAE bound, per-sample importance-
weight factorisation, and rho-dropped soft-weight approximation that define the LeAct training
objective (App. A.1); (ii) the M-step target-choice derivation for expert-policy forcing (App. A.2);
(iii) the correspondence between formal quantities and LeAct algorithm components (App. A.3); and
(iv) the textual policy proxy that bridges the formal ∆ to its parsed-policy implementation (App. A.4).

A.1 From the ELBO to the LeAct Objective

This appendix expands §3.2 line by line. The derivation specialises the importance-weighted varia-
tional bound (IWAE) of Burda et al. [7] to a setting in which the proposal qbwd(z | x, y) is a fixed
(within a round) LLM that conditions on (x, y), and in which two of the four log-likelihood terms
in the importance weight are intractable under a decoder-only model. The same IWAE bound was
recently applied to latent reasoning data synthesis on unlabelled text corpora by Ruan et al. [38]; the
present derivation differs in bounding the conditional likelihood log pθ(y | x) for an expert-anchored
target y ∼ π∗ rather than the corpus marginal log p(X), which enables the additional reduction of
the IWAE soft weight to a forward delta (Step 3). The argument proceeds in four steps: (i) introduce
the backward proposal and obtain an ELBO valid for any choice of qbwd, including a fixed LLM; (ii)
factorise the importance ratio via Bayes’ rule; (iii) keep only the two computable terms, yielding ∆;
(iv) re-weight the ELBO by e∆ and replace the soft weighting by a hard top-K filter for tractable
SFT.

Step 1: IWAE bound via a backward proposal. The marginal log-likelihood of an expert action
y ∼ π∗( · | x) under the student is log pθ(y | x) = log

∑
z pθ(z | x) pθ(y | x, z), intractable over

natural-language traces. Introduce a backward proposal qbwd(z | x, y) (instantiated by prompting the
LLM to generate a CoT given (x, y)) and draw N candidates z1, . . . , zN ∼ qbwd(· | x, y) i.i.d. The
N -sample importance-weighted bound of Burda et al. [7] is

log pθ(y | x) ≥ Ez1..N∼qbwd

[
log

1

N

N∑
i=1

pθ(zi | x) pθ(y | x, zi)
qbwd(zi | x, y)

]
, (7)

strictly tighter than the standard ELBO at N=1 and exact in the limit N →∞. Taking the outer
expectation over x and y ∼ π∗ gives the population IWAE bound,

J (θ) ≥ Ex Ey∼π∗ Ez1..N∼qbwd

[
log

1

N

N∑
i=1

pθ(zi, y | x)
qbwd(zi | x, y)

]
. (8)

Burda et al. [7] show (their Eq. 8) that the gradient of Eq. (8) reduces to a per-sample SFT update
with normalised soft weights,

∇θLN = Ez1..N

[
N∑
i=1

w̃i ∇θ log pθ(zi, y | x)

]
, w̃i =

wi∑N
j=1 wj

, wi =
pθ(zi, y | x)
qbwd(zi | x, y)

, (9)

with qbwd held fixed at θr−1 within the round (so ∇θ log qbwd = 0 for the per-round bound); the
inner term log pθ(zi, y | x) is exactly the joint SFT loss on (x, zi, y).

The lower bound in Eq. (8) is valid for any choice of qbwd(z | x, y), including a fixed LLM,
and N > 1 tightens it strictly over the N=1 ELBO without optimising qbwd’s parameters. This
sidesteps the standard variational-inference gradient on qbwd (expensive when qbwd is an LLM) that
would otherwise be required to tighten the ELBO further. The per-sample weights wi = pθ(zi, y |
x)/qbwd(zi | x, y) inside the log-mean are importance weights between the joint pθ(z, y | x) and the
proposal qbwd(z | x, y); Bayes’ rule factorises them in Step 2. Within each LeAct round, qbwd is
held fixed at θr−1; across rounds it evolves alongside the shared model parameters that the M-step
trains, recovering an approximate-EM alternation (the correspondence is summarised in App. A.3).
The practical pipeline additionally augments the M-step with an explicit backward SFT term (§3.3),
which arises as the reverse-KL update on qbwd in the reweighted-wake-sleep regime; Step 5 below
derives this.
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Step 2: per-sample importance-weight factorisation. For each sample zi with qbwd(zi | x, y) > 0,
Bayes’ rule factorises the unnormalised IWAE weight wi = pθ(zi, y | x)/qbwd(zi | x, y) as

wi =
pθ(y | x, zi)
pθ(y | x)︸ ︷︷ ︸

=exp∆(zi; x, y)

· pθ(zi | x)
qbwd(zi | x, y)︸ ︷︷ ︸

ρ(zi; x, y)

· pθ(y | x), (10)

with ∆(z; x, y) := log pθ(y | x, z) − log pθ(y | x). The factor pθ(y | x) does not depend on
i and so cancels in the normalised weight w̃i = wi/

∑
j wj ; only exp∆i and ρi remain. The

first factor exp∆i is computable from the student’s own logits: log pθ(y | x, zi) is a teacher-
forced log-likelihood of the action under the student conditioned on zi, and log pθ(y | x) =
logEz′∼pθ(·|x)[pθ(y | x, z′)] is estimable by Monte Carlo from a small number of forward sam-
ples (§3.3).

Step 3: keeping the computable terms in the soft weight. Dropping the i-independent pθ(y | x)
that cancels in w̃i, the log per-sample weight admits the additive decomposition

logwi ∝ log pθ(y | x, zi)− log pθ(y | x)︸ ︷︷ ︸
∆(zi; x, y)

+ log pθ(zi | x)− log qbwd(zi | x, y)︸ ︷︷ ︸
log ρ(zi; x, y)

.

The first two terms (forming ∆) are computable from the student’s logits: log pθ(y | x, zi) is a
teacher-forced action log-likelihood, and log pθ(y | x) = logEz′∼pθ(·|x)[pθ(y | x, z′)] is estimable
by Monte Carlo from a small number of forward samples (§3.3). In practice the last two terms are
difficult to compute and we omit them. LeAct therefore approximates the unnormalised IWAE soft
weight by

wLeAct(zi; x, y) := exp∆(zi; x, y), (11)
i.e. replaces the soft weight w̃i ∝ e∆i · ρi by the rho-dropped surrogate w̃LeAct

i ∝ e∆i . This ρ-drop
is the design choice the expert-anchored setting enables: without an external action target (e.g.,
latent-text variational EM [38]), the IWAE weight has no separable ∆ and ρ remains entangled with
the bound. §6 verifies empirically that the resulting ∆-only filter is load-bearing.

When dropping ρ is safe. The action anchor in the backward prompt fixes the conditioned target
y across all candidates, so ρi varies with zi only through how well each candidate trace explains
the same fixed y. For high-probability oracle actions, ρi concentrates and acts approximately as a
constant scaling factor across candidates, so the ranking induced by e∆i matches the ranking induced
by e∆iρi up to ties. The drop biases ranking only when ρi correlates with ∆i across candidates,
which would require the backward proposal to systematically place mass on high-∆ traces in a
way that cancels with the forward likelihood. We did not observe this regime in our experiments:
§6 confirms that the ∆-only filter is informative against random ranking, and App. A.4 shows that
the parsed-policy proxy ranking agrees with a token-level ∆ll estimator on 89–98% of states (a
domain where ρ correlation with ∆ would surface as proxy-vs-token disagreement). For oracles with
low-probability actions or backward proposals concentrated on rare reasoning paths, an empirical ρ
estimate or a token-level ∆ proxy would be more conservative.

Step 4: the LeAct objective and the hard top-K sparsification. Substituting the rho-dropped
surrogate w̃LeAct

i ∝ e∆i into the IWAE gradient (Eq. (9)) gives the (approximate) M-step

max
θ

Ex Ey∼π∗ Ez1..N∼qbwd

[
N∑
i=1

w̃LeAct
i log pθ(zi, y | x)

]
, w̃LeAct

i =
e∆i∑N
j=1 e

∆j

, (12)

which is the form the paper takes as the LeAct training objective (Eq. (5)). LeAct replaces the softmax
weighting w̃LeAct

i with a hard top-K filter on the average delta ∆̄(z; x) := Ey∼π∗ [∆(z; x, y)] (a
sparse approximation that keeps only the high-weight candidates): train on (x, z, π∗(· | x)) tuples
with z ∈ Zx = top-K

{
zj ∼ qbwd : ∆̄(zj ;x) > 0

}
, and use the full oracle distribution π∗(· | x) as

the action target, the expert-policy-forcing M-step derived in App. A.2. The two-step approximation
(dropping the intractable ρ factor from the soft weight, then sparsifying the soft weight to a hard
top-K filter) is what we mean by “approximate IWAE M-step”.

Step 5: joint backward supervision as the reverse-KL update on the proposal. Steps 1–4 fix qbwd

within a round and only update the shared model parameters in pθ. The IWAE bound is tightest when
qbwd matches the true posterior pθ(z | x, y): at N=1 the gap is exactly KL

(
qbwd( · | x, y) ∥ pθ( · |
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x, y)
)
, and at N>1 the gap is a soft generalisation of the same divergence [7]. Reducing this gap

requires a separate update step on qbwd. The natural choice (gradient ascent on the IWAE bound
itself with respect to qbwd’s parameters) is the “wake-phase” update of variational EM, but its signal-
to-noise ratio degrades as qbwd approaches the posterior, requiring the STL/DReG corrections of
Roeder et al. [37], Tucker et al. [49]; for an LLM-parameterised proposal this is also expensive (each
gradient step requires backprop through the IWAE log-mean). Reweighted wake-sleep [4] replaces
the wake-phase update with a reverse-direction KL,

min
qbwd

KL
(
pθ( · | x, y)

∥∥ qbwd( · | x, y)
)

= min
qbwd

Ez∼pθ( ·|x,y)
[
− log qbwd(z | x, y)

]
+ const, (13)

which is a maximum-likelihood objective on qbwd with samples drawn from the posterior. The
posterior is itself intractable, so we importance-sample from qbwd: Ez∼pθ( ·|x,y)

[
− log qbwd(z |

x, y)
]
= Ez1..N∼qbwd

[∑
i w̃i (− log qbwd(zi | x, y))

]
, recovering the same self-normalised IWAE

weights w̃i used in Step 4. Substituting the rho-dropped surrogate w̃LeAct
i ∝ e∆i and then the hard

top-K indicator on Zx used by the M-step yields the practical update

Lbwd(θ) = −E(x,z)∈Dr

[
log pθ(z | x, π̃∗)

]
, (14)

i.e., supervised cross-entropy training of qbwd on the same selected positive-∆ traces Dr that drive the
M-step (with π̃∗ the redacted-distribution prompt as defined in §3.2). Because qbwd shares parameters
with pθ (one decoder, two prompts), the wake-sleep update lands on the same θ and Eq. (14) is the
joint backward term in §3.3. Across rounds, this update tracks qbwd to the moving posterior under
the current student, monotonically tightening the IWAE bound from one round to the next under the
standard reweighted-wake-sleep guarantee [4]; the empirical effect of including this term is ablated
in App. C.

EM as a special case. Setting N = 1 collapses Eq. (8) back to the standard ELBO, and further setting
qbwd( · | x, y) = pθ(t−1)(z | x, y) gives the standard variational-EM E-step, in which case ρ ≡ 1,
the soft weight exp∆ is also ≡ 1, and the bound is tight. LeAct replaces this true posterior with an
LLM-defined backward proposal at N > 1, which is what introduces both the ρ residual and the
exp∆ correction; alternating Eq. (8) maximisation with such a proposal recovers approximate-EM.
The LeAct–EM correspondence is summarised in App. A.3.

A.2 Expert-Policy Forcing: the Exact M-Step Target

The outer expectation Ey∼π∗ [ · ] in the LeAct objective Eq. (5) (equivalently the second expectation
in Eq. (8)) admits two implementations.

Sampled-action target. Draw ỹ ∼ π∗ and minimise − log pθ(ỹ | x, z). This is the standard
expert-iteration choice and keeps the (z, ỹ) pair internally consistent because both were decoded
together.

Expert-distribution target (expert-policy forcing). Because the oracle supplies the full π∗, the
outer expectation can be evaluated exactly:

Ey∼π∗
[
− log pθ(y | x, z)

]
= H(π∗) +DKL

(
π∗( · | x) ∥ pθ( · | x, z)

)
, (15)

so minimising the left-hand side with respect to θ is equivalent to minimising DKL(π
∗ ∥ pθ( · | x, z)),

i.e., the SFT target is the exact oracle distribution, independent of whichever policy was decoded at
generation time.

When the two choices matter. For mixed Nash equilibria the two gradients differ. Delta scoring
(Eq. (4)) already evaluates ∆ against the action distribution under π∗, so taking π∗ as the SFT target
keeps the E- and M-steps aligned on the same distribution. §6 shows this alignment is load-bearing:
removing it reverses which algorithm wins at 47K information sets.

The two-part loss. The selected traces Dr are reused in two prompt formats that share the same θ.
The forward loss

Lfwd(θ; Dr) = −E(x, z)∈Dr

[
log pθ(z | x) + Ey∼π∗(·|x)

[
log pθ(y | x, z)

]]
(16)

trains the student to produce z from x and then the oracle’s full action distribution π∗(· | x) given
(x, z). The backward loss

Lbwd(θ; Dr) = −E(x, z)∈Dr

[
log pθ(z | x, π̃∗)

]
(17)
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retrains the proposal qbwd on the same selected z given the (x, π̃∗) prompt, the wake-sleep update on
qbwd derived in App. A.1 Step 5. The full M-step minimises L = Lfwd + Lbwd, treating the forward
and backward formats as two views of the same trace pool Dr.

A.3 Algorithm–Formulation Correspondence

Table 4 maps each formal quantity from App. A.1 to its LeAct counterpart.

Table 4: Mapping from the IWAE bound to the LeAct algorithm. Each formal quantity (App. A.1)
corresponds to a concrete pipeline component.
Formal quantity LeAct’s approximation Algorithm component

Proposal qbwd(z | x, y) Backward decode at θr−1, redacted π̃∗ Backward generation
Per-sample IWAE weight wi = e∆iρi pθ(y | x) wLeAct

i = e∆i (ρi dropped) Forward delta scoring
Softmax weight w̃i ∝ e∆i Hard top-K on positive ∆̄(z;x) Top-K selection
Joint loss log pθ(z, y | x) SFT on (x, z, y) tuples Supervised fine-tuning
Outer expectation Ey∼π∗ [ · ] Target = π∗( · | x) Expert-policy forcing

The full procedure is collected in Algorithm 1 (main text §3.3).

A.4 Textual Policy Proxy: From ∆ to Implementation

The formal definition ∆(z; x, y) = log pθ(y | x, z)− log pθ(y | x) in Eq. (4) reads log pθ(y | x, z)
as the decoder’s next-token log-likelihood of the action under the student conditioned on z. Our
implementation does not score the action token by token. Instead, the model is supervised during
SFT to emit a textual policy line of the form “Action: a \n Policy: {ai :pi}i” alongside its
reasoning trace, and the scoring pipeline reads ∆ off this line. This appendix bridges the formal ∆
used in §3.2 and App. A.1 to the parsed-policy quantity ∆̂ that our pipeline actually evaluates.

The implementation quantity. At scoring time we parse the textual policy line into a distribution
π̂θ(· | x, z) over legal actions and compute the average-delta proxy

∆̂(z; x) = −KL
(
π∗(· | x) ∥ π̂θ(· | x, z)

)
−

[
−KL

(
π∗(· | x) ∥ π̂θ(· | x)

)]
,

where π̂θ(· | x) is averaged over Monte-Carlo forward samples without conditioning on a backward
z.

Equivalence to ∆̄ under proxy correctness. Up to the entropy term H(π∗) that cancels between
the two KLs,

∆̂(z; x) = Ey∼π∗(·|x)
[
log π̂θ(y | x, z) − log π̂θ(y | x)

]
,

which equals the average delta ∆̄(z; x) := Ey∼π∗ [∆(z; x, y)] used by the hard top-K filter (footnote
of Eq. (5)) whenever π̂θ(· | x, z) = pθ(· | x, z) on the action support. So the implementation
evaluates an Ey∼π∗-averaged version of the formal ∆ for free, and the soft→hard reduction is the
only step left.

When the proxy diverges from the decoder distribution. The textual policy is a self-report: the
model is free to write rounded numbers, to disagree with the action token it just emitted, or to omit
minor mass that the decoder would still place on rare actions. A token-level evaluation log pθ(y | x, z)
via teacher forcing would instead read the next-token logit at the action position and is the literal
quantity in Eq. (4). The two coincide only when the textual line faithfully matches the decoder’s
softmax over the action vocabulary.

Why the proxy suffices in our setting. Three properties keep the substitution lossless in practice.
First, the SFT objective (App. A.2) supervises both the reasoning trace and the policy line, so
training and scoring read off the same textual channel rather than two unaligned views of the model.
Second, ∆̄ is a difference between two quantities both computed from the same parser and the same
continuation format; any systematic bias in the textual self-report shifts π̂θ(· | x, z) and π̂θ(· | x) in
the same direction and cancels in the delta. Third, because the M-step targets the oracle π∗ rather than
the parsed line, scoring noise propagates only through which zn are kept; the resulting Dr remains
anchored to π∗.
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Selection-Fidelity Audit. We quantify the agreement between ∆̄ (the parsed-policy proxy used by
the M-step) and a token-level estimator ∆ll(z; x) := log pθ(t

∗(x) | x, z) − 1
M

∑
m log pθ(t

∗(x) |
x, zfwd

m ), where t∗(x) is the canonical policy line Policy:{ai : p∗i }i and zfwd
m are M=4 student-

decoded forward CoTs scored without backward conditioning. Because the hard top-K M-step
consumes only the within-infoset ordering of positives, the load-bearing audit metric is the within-
infoset top-1 agreement. On a 100K-candidate audit over 16,977 multi-candidate Leduc-13r4s
infosets, when ∆ll’s within-infoset top-1 falls on an infoset containing some positive-∆̄ candidate,
that selection is also positive under ∆̄ in 89% of cases (base coldstart); on well-trained LeAct iterates
this conditional rate reaches 98% (Table 5). Global rank correlation across all candidates is moderate
(ρ ≈ 0.65), reflecting scale disagreement on candidates the M-step never sees; this is a secondary
diagnostic rather than a load-bearing fidelity number.

Audit subset Ninf top-1 hit| ∃>0 sign concord.

100K candidates, base coldstart 16,977 0.89 0.80
5K candidates, base coldstart 74 0.93 0.81
5K candidates, best LeAct iterate 74 0.98 0.84

Table 5: Parsed-policy proxy ∆̄ agrees with token-level ∆ll on the load-bearing top-1 selection
(89–98%). Selection-Fidelity Audit on Leduc-13r4s, decisive-Nash subset (h(π∗)/ log |A| ≤ 0.95).
Ninf counts multi-candidate infosets. top-1 hit| ∃>0 is the fraction of ∆ll-top-1 picks with positive
∆̄, conditional on the infoset containing at least one positive-∆̄ candidate. Sign concord. is Pr(∆̄>0 |
∆ll>0).

Boundary cases. We clip parsed KL values at 10 (rare deterministic outputs against a mixed π∗ would
otherwise diverge), and we treat candidates with malformed policy lines as having no information
by routing them through a deterministic fallback on the parsed action. Replacing the textual proxy
with token-level log pθ(y | x, z) scoring is a straightforward substitution that we leave to future work;
we do not expect the qualitative findings of §5 to change, since both estimators agree in expectation
under a faithfully-trained policy line.

B Ablation Studies: Selection, Scoring, and Supervision

Top-K selection rate ablation (Leduc 13r4s). We ablate the selection count K ∈ {1, 2, 4} in
the Leduc 13r4s R2 pool with N=8 per infoset and matched hyperparameters (coldstart base,
lr = 5 × 10−6, matched training budget). Table 6 reports per-epoch results. K=1 underperforms
K≥2 across all checkpoints, confirming that aggressive top-1 selection discards useful gradient.
Between K=2 and K=4 the cells are close: K=2 wins at ep1 (single 0.41 vs 0.61, BON 0.107 vs
0.110) and the gap is similar in the opposite direction at ep2–3, with neither setting dominating across
all six cells. Because the two are comparable on selection quality and K=2 halves the per-round SFT
data budget, we standardise on K=2 across the paper (Table 11) for compute efficiency.

Table 6: K=1 underperforms K≥2; K=2 and K=4 are comparable. Top-K selection ablation
on the Leduc 13r4s R2 pool (N=8, matched HP). Per-epoch single and BON exploitability; bold =
best per metric across all cells. All variants share the same R2 pool, base (Leduc 10r4s joint coldstart),
lr = 5×10−6, 3 epochs.

Single ↓ BON ↓
K ep1 ep2 ep3 ep1 ep2 ep3

1 0.7891 1.0900 0.4863 0.1285 0.1121 0.1392
2 0.4125 0.3915 0.4004 0.1069 0.0753 0.1282
4 0.6073 0.3248 0.3932 0.1097 0.0563 0.0518

Panel C: Within-LeAct component ablation on Liar’s Dice. A within-LeAct ablation isolates the
relative contribution of the joint forward–backward coldstart vs. the backward delta scoring stage.
With the joint coldstart fixed at 100% infoset coverage, removing the scoring stage stops the policy
at exploitability 0.439 (coverage-only, no scoring); restoring the scoring stage brings the policy to
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0.019 (R1) and 0.002 (R2). The 219× R2 gain is attributable to selection alone, once the coldstart
contribution is held constant.

Table 7: Backward scoring drives the 219× R2 gain on Liar’s Dice; coverage alone stops at
0.439. Joint coldstart fixed at 100% infoset coverage; only the backward delta scoring stage is
toggled.

Component Variant Scale Single BON

Backward scoring Joint coldstart, no scoring LD 0.439 0.251
Joint coldstart + scoring (R2) LD 0.002 0.001

C Iteration Dynamics

A distinctive feature of LeAct is its ability to iterate: the improved model both generates better
backward reasoning and serves as a tighter forward scorer. Per-domain headline numbers appear in
Table 8; this appendix isolates two questions that table does not address: which E-step variant to run,
and when to stop.

E-step variant comparison. We compare three E-step variants from the same R1 base on Leduc
10r4s: DAgger (expert backward prompts, model forward scorer), Joint (self-generated backward
traces, joint SFT), and REINFORCE (self-generated backward traces, forward-only SFT). The ranking
REINFORCE > JOINT > DAGGER is consistent across metrics. REINFORCE wins because the model’s
own backward traces are more compatible with its forward reasoning than expert-generated ones, and
forward-only SFT avoids introducing noise from the backward task during training.

Iteration stopping rule. LeAct halts at the round when the policy first matches the oracle’s
distribution. Three diagnostics indicate the floor has been reached: (i) close-fraction (KL< 0.1)
saturating at 1.0 (Liar’s Dice R2 reaches NashConv 0.002 and close-frac 1.0); (ii) single-sample
exploitability falling below the prior round’s BON (Leduc 13r4s R2 single 0.092 below R1 BON
0.036); (iii) single-sample KL falling below ∼0.002 at 109-scale (FHP R2 single KL 0.0019). The
rule is prospective: once any of (i)–(iii) fires at round r, we report round-r as the headline cell and
do not extend to r+1. Applying it yields different per-setting termination points: 3-Player Leduc
meets (i) at R1 (close-fraction = 1 at the solver floor); Leduc 6r2s/10r4s/13r4s, Liar’s Dice, and FHP
terminate at R2 once one of (i)–(iii) fires; BuilderBench is reported at R1 due to compute.

LeAct’s contribution is the closed-loop backward-and-score algorithm itself, not a depth claim about
iteration count. At matched coldstart and data budget, R1 alone already separates LeAct from
forward COT EXIT across every reasoning-game setting (for instance, Leduc 13r4s R1 single 0.097
vs. COT EXIT R1 0.501; Liar’s Dice R1 0.019 vs. 0.671); iteration is a means of tightening once the
oracle’s distribution is matched, not the source of the imitation gap.

D Additional Results

D.1 Numerical Detail for Fig. 2

Table 8 reports the full numerical breakdown behind Fig. 2 of §5.1, including stds over multi-seed
evaluation and the gpt-5.5 zero-shot anchor at the smallest setting.

Error Bar Calculation. For the five game-setting rows, error bars are standard deviations across
3 inference-rollout seeds of the single trained policy per cell (each seed reseeds the vLLM sam-
pler, producing a distinct sampled policy on the full game tree; std is taken across the 3 resulting
exploitability or NashConv values). BuilderBench is also single-trained per cell; we substitute
an inference-side proxy with a larger seed count. Let T = 26 (number of in-domain tasks) and
S be the number of inference seeds (S = 64 for trained cells; S = 16 for the joint coldstart
eval). Define xt,s ∈ [0, 1] as the cube-placement ratio (fraction of cubes placed at target) on task
t in seed s. The Single column reports µ̄ = 1

T

∑
t µt where µt = 1

S

∑
s xt,s, with error bar

σsingle = std( x̄1, x̄2, . . . , x̄S ) , x̄s =
1
T

∑
t xt,s, i.e. the per-seed cross-task mean is computed

once per inference seed and the std is taken across the S resulting values. The BON column uses
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Table 8: Numerical detail behind Fig. 2. Game rows: exploitability or NashConv (lower better);
BuilderBench row: cube-placement progress (higher better). BON uses N=8 for games and N=64
for BuilderBench (single max per task, no across-seed std). Bold = best per metric per row. gpt-5.5
is a frontier zero-shot anchor (Pass@1, medium reasoning effort) reported on the smallest setting
only; FHP lives in Table 2a (generalisation-only at this scale).

gpt-5.5 Single BON

Setting (# infosets) Metric Cold. NOCOT BC COT EXIT LeAct Cold. NOCOT BC COT EXIT LeAct

Leduc 6r2s (4K) expl. (↓) 0.799 1.351±0.226 0.003±0.001 0.087±0.018 0.016±0.004 0.107±0.026 0.001±0.0002 0.029±0.007 0.006±0.002

Leduc 10r4s (47K) expl. (↓) — 1.670±0.063 0.024±0.009 0.319±0.089 0.037±0.024 0.282±0.011 0.002±0.0003 0.058±0.016 0.0008±0.0002

Leduc 13r4s (80K) expl. (↓) — 0.687±0.068 0.498±0.050 0.501±0.016 0.092±0.033 0.402±0.018 0.334±0.036 0.087±0.005 0.022±0.004

Liar’s Dice (24K) expl. (↓) — 0.818±0.082 0.018±0.003 0.156±0.024 0.002±0.001 0.784±0.058 0.009±0.002 0.043±0.007 0.001±0.0002

3-Player Leduc (14K) NashConv (↓) — 1.482±0.103 0.773±0.041 0.473±0.057 0.005±0.001 0.354±0.082 0.770±0.024 0.146±0.028 0.003±0.001

BuilderBench (26 tasks) Progress (↑) — 0.5448±0.028 — 0.5017±0.038 0.3527±0.068 0.8229 — 0.7006 0.8853

best-of-N=64, maxs xt,s per task; this collapses the seed dimension to one value per task, so no
across-seed std is defined and we omit error bars there.

D.2 BuilderBench: Partition and SFT-Headroom Diagnostic

BuilderBench serves as the cross-domain probe and the low-recall half of the EPF×method ablation
(§6). The benchmark is a robotics cube-manipulation task (UR5e arm, MuJoCo, 51 tasks from cube-1
to cube-50). The expert oracle is a pool of golden trajectories from three frontier models (GPT-5.2 as
a CoT agent, plus Claude Opus 4.6 and Gemini 3 Flash as reflexion agents, first successful episode
per model). The model is Qwen3-8B, and the pipeline matches the one used for game domains
(BuilderBench coldstart corpus details in App. I.3): joint forward–backward coldstart SFT on the
frontier-model trajectories, backward generation on held-out trajectories, forward delta scoring with
top-K selection, then SFT.

D.2.1 Heuristic Action-Match Reward

BuilderBench’s expert oracle commits to a single JSON action y∗ per state (action type, target cube id,
and target position) rather than a distribution over actions, so the log-likelihood terms in ∆(z; x, y)
from Eq. (4) are not directly defined. We substitute a heuristic action-match reward r(y; y∗) that
grades partial overlap on the three action attributes:

r(y; y∗) =


1 action type and cube id matched, ∥∆pos∥2 ≤ 1 cm,

max
(
0, 1− ∥∆pos∥2

)
action type and cube id matched, larger position offset,

0.1 action type matched only,
0 otherwise.

(18)
The candidate’s forward delta becomes the with-CoT vs. without-CoT reward gap ∆(z; x, y∗) =
r(yz; y

∗) − r(y∅; y
∗), where yz and y∅ are the actions the model decodes with and without the

candidate CoT z in context. The rest of the M-step pipeline (positive-delta filter, top-K selection) is
unchanged.

D.2.2 Cross-Domain Replication of the Poker 2× 2

Coldstart anchor. After joint coldstart SFT (3 epochs), the model reaches aggregate pass@64 =
15/46 on the 46-task BB-51 denominator (5 context-overflow tasks excluded; §6, Table 3). The
zero-shot Qwen3-8B base reaches 6/46.

Method×EPF interaction. Running the full LeAct loop (N=8 backward candidates per task,
forward delta scoring, top-K selection, 3 SFT epochs) and crossing with the EPF axis produces
the four cells reported in Table 3: (LeAct,EPF) = 21/46, (LeAct, no-EPF) = 14/46, (EXIT +
COT,EPF) = 10/46, and (EXIT + COT, no-EPF) = 2/46. Only the diagonal that combines
backward generation with EPF clears the coldstart anchor of 15/46; the worst cell sits an order of
magnitude below the best, separating the four configurations along both axes.

Diagnosis. Forward scoring picks up signal on this domain (25% of backward candidates receive
positive delta, well above the noise floor) and translates into end-task improvement, but only under
the EPF supervision target. Ablating either the backward pool (COT EXIT pipeline) or the EPF
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target costs absolute pass@64, in either combination. This is the same dependence structure as poker
(§6), now visible on a non-game domain whose oracle and metric have nothing to do with Nash
policies. The non-trivial positive-delta rate shows the scoring signal is alive on this domain, so the
failure of the three off-diagonal cells cannot be attributed to delta-scoring collapse—it has to be a
supervision-target effect, which is what EPF controls.

Implication for LeAct’s scope. BuilderBench establishes that LeAct adds aggregate end-task value
when the supervision target is the oracle distribution itself; without EPF the pipeline regresses on
this domain. The same domain doubles as a low-recall mechanism probe: the cross-domain 2× 2 on
EPF×method (§6) uses BuilderBench as the low-recall half (continuous-valued action arguments
rarely repeat across states), and the pass@64 ordering (LeAct + EPF > LeAct + no-EPF >
EXIT+COT+EPF > EXIT+COT+no-EPF) rules out the “no-EPF collapses LeAct” explanation
that high-recall poker invites. BuilderBench therefore contributes both generalisation evidence (§5.2)
and mechanism evidence (§6) to the paper’s claims.

D.3 Flop Hold’em: Win-Rate Methodology

KL summary. The hold-out KL summary is in Table 2a of the main text (§5.2); this subsection
focuses on the chip-outcome (win-rate) analysis that complements it.

Setup. Methodology recapped here for self-containment: paired self-play, model-vs-model (not
model-vs-teacher), chip outcomes averaged over N=50,000 paired hands with two seatings (25,000
each, identical card sequences, alternating Button vs Big Blind to remove positional bias). Outcomes
in milli-big-blinds per game (mbb/g; one game = one hand in 2-player poker). 95% confidence
intervals from per-hand chip-delta variance (CI95 = 1.96 · SEM). Sampling: temperature 1.0,
max-tokens = 1024. Both methods compared use expert-policy forcing (matched supervision target).

What the chip-outcome adds beyond KL. LeAct and COT EXIT use matched supervision (both
targets are the oracle Nash policy), so the chip-outcome gap isolates the contribution of backward
delta scoring on top of forward KL-to-Nash ranking; this is the same controlled ablation as the KL
Table 2a, but on play-strength rather than distribution-faithfulness.

Scope of the win-rate matrix. The matrix in Table 2b is restricted to trained-vs-trained comparisons
across the three trained methods (NOCOT BC, COT EXIT, LeAct) that share the same supervision
target (the DeepCFR teacher’s expert action). The SFT coldstart is reported in the hold-out KL
summary (Table 2a; coldstart single-sample KL 0.0321 vs. trained-method 0.0019–0.0145) but
excluded from the chip-outcome matrix because it is not the output of any iteration round.

E Mechanism Validation: Nash-Number Recall in CoT and Delta Scoring

The qualitative redaction in §3.3 prevents the backward generator from copying π∗ from its prompt,
but trained CoTs may still contain Nash-plausible numbers as a side effect of expert-policy supervision:
the M-step internalises π∗, and the same model reused as the backward proposal can re-emit Nash-like
values without ever seeing them as input. This appendix records the CoT–policy coherence diagnostic
that grounds the EPF×method 2× 2 pattern in §6.

E.1 CoT–Policy Coherence Diagnostic

§6 identifies CoT–policy coherence and the resulting Nash-number recall shortcut as the mechanism
of the 2× 2 EPF×method interaction (Table 3). This subsection records the diagnostic that grounds
that account.

CoT–policy coherence. EXIT+CoT’s SFT target without EPF is an internally self-consistent
(CoT, policy) trace: both components are produced by a single forward decode of the current
model, so the gradient does not have to reconcile two independently produced signals. LeAct’s
SFT target without EPF, by contrast, is a hybrid: the CoT was produced by the backward model
(which saw π∗ qualitatively), while the policy line is the forward model’s decoded distribution. The
prediction is that per-sample coherence (measured as 1−DKL(πCoT ∥πpolicy line)) should be higher
for EXIT+CoT merge samples than for LeAct merge samples in the no-EPF regime, and inspecting
merged SFT data suffices to test it.
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Diagnostic (R1 merge files, ∼188K lines per cell). We measure DKL(πCoT ∥πpolicy line) on the R1
SFT merge data for all four cells.

EPF row. Cell A’s per-sample KL distribution is right-shifted relative to cell C across the bulk of the
support, consistent with the prediction.

No-EPF row. The surface ordering is reversed (cell B is more coherent than cell D), but inspection
shows that the large majority (93.6%) of LeAct’s no-EPF backward CoTs restate π∗ verbatim,
because the backward generator saw the qualitative Nash context and the coldstart model was already
near-Nash, so the CoT and the model’s decoded policy line trivially agree. This “Nash-recall shortcut”
is a degenerate form of coherence: the CoT does not analyse, it echoes, and because the SFT action
target in the no-EPF regime is the model’s own decode rather than π∗, the gradient reinforces the
model’s residual Nash errors instead of correcting them. The symmetric flip is cell C (EXIT+CoT
with EPF), where replacing the self-decoded (CoT, policy) pair with π∗ breaks the trace’s internal
consistency.

Synthesis. The four cells share one mechanism: CoT–policy coherence plus supervision-target
choice together determine whether the gradient aligns with Nash (winning cells A, D) or with a
memorised shortcut (losing cells B, C).

F Oracle Construction for Large Games

We document oracle construction per game scale: exact CFR/CFR+ via OpenSpiel’s tabular enumer-
ation for games up to ∼80K infosets (App. F.1), and a streaming DeepCFR enumeration for Flop
Hold’em where tabular enumeration exhausts memory (App. F.2).

F.1 Exact CFR for Small-to-Medium Games

For all games reported in the main paper (Leduc 6r2s through 13r4s, Liar’s Dice, 3-player Leduc),
we use vanilla CFR or CFR+ to compute the exact Nash equilibrium policy table, enumerating the full
information set space via OpenSpiel’s to_tabular() function and storing the resulting |X | × |A|
policy matrix on disk. This is feasible up to ∼80,000 information sets on a standard 256 GB RAM
node; larger games cause out-of-memory failures during tabular enumeration.

F.2 DeepCFR Streaming Enumeration for Flop Hold’em Poker

For Flop Hold’em Poker (FHP), the standard tabular enumeration via to_tabular() exhausts
available RAM at 1.5 TB MaxRSS before completing, making exact CFR table construction infeasible
on current hardware. We developed a trajectory-based streaming enumeration method that avoids
materialising the full game tree in memory.

Method. We run DeepCFR [6] on FHP using OpenSpiel’s PyTorch implementation
(open_spiel.python.pytorch.deep_cfr), which trains neural network value/strategy approxi-
mators from sampled game trajectories. The game is specified via OpenSpiel’s universal_poker
configuration matching the Brown et al. FHP benchmark (2-player limit hold’em, 2 betting rounds,
blinds 50/100, raise size 100, 200 BB stacks). Rather than tabularising the final strategy network
by querying it at all information sets simultaneously, we enumerate infosets incrementally: during
each CFR traversal we record the (infoset, policy) pair encountered in the trajectory, deduplicate
across traversals via a hash table, and write policy entries to disk as they are first seen. This streaming
approach decouples memory consumption from game-tree size, requiring only O(|trajectory depth|)
live memory per traversal rather than O(|X |).
Configuration. We run 1,000 outer DeepCFR iterations on OpenSpiel’s PyTorch implementation,
then draw 106 on-policy trajectories from the converged policy for streaming enumeration; end-to-end
wall-clock is approximately 22 minutes on a single CPU node and produces a ∼570 MB jsonl teacher
table that we use throughout the paper.

Results. The streaming enumeration produced 2,343,732 unique infoset policies, substantially more
than any other game in our experiments (see Table 9). Policy coverage converges monotonically
along policy-induced trajectories: after the first 50K traversals, coverage stalls around 60% of
newly-encountered infosets; ∼500K traversals already saturate at >99% in-support coverage, and we
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extend the run to 106 trajectories for margin. The full FHP game tree (which contains ∼109 unique
infosets [6] including off-policy subtrees not visited by external-sampling MCCFR) is therefore larger
than the teacher’s 2,343,732-infoset table. This affects only out-of-table queries when the teacher
would itself be queried as a self-play opponent (see App. D.3); KL evaluation is computed exclusively
on the held-out subset of the teacher’s 2,343,732 infosets and is therefore unaffected.

Limitation. DeepCFR provides an approximate Nash policy rather than an exact one; the approxima-
tion error decreases with more traversals but does not reach zero. For the purposes of LeAct oracle
supervision, we treat the converged DeepCFR policy as a high-quality proxy for π∗, analogous to how
approximate CFR-family solvers (continual re-solving with neural counterfactual value networks [33],
MCCFR-blueprint [5]) are used in large-scale poker AI.

Table 9: Tabular CFR scales to 80K infosets; FHP requires streaming DeepCFR. Oracle ex-
ploitability is 0 for exact CFR by definition and approximate for DeepCFR.

Game # Infosets Oracle Method

Leduc 6r2s 4,032 Exact CFR to_tabular()
Leduc 10r4s 47,040 Exact CFR to_tabular()
Leduc 13r4s 79,872 Exact CFR to_tabular()
Liar’s Dice 24,576 Exact CFR to_tabular()
3-Player Leduc 13,878 Exact CFR to_tabular()
Flop Hold’em Poker 2,343,732 DeepCFR (approx.) Streaming enumeration

G Examples

This section presents representative examples of backward-generated reasoning traces, illustrating the
distinction between high-scoring (causally helpful) and low-scoring (post-hoc rationalisation) CoTs,
as well as differences between LeAct and NOCOT BC outputs. §G.1 first fixes the literal prompt
format used at training and inference time, so subsequent examples can be read against it.

G.1 Prompt and Output Format

All forward and backward prompts use the same chat-template structure (system + user messages),
differing only in what is revealed to the model and what is asked of it. The forward prompt asks the
student to act; the backward prompt reveals a qualitative description of the expert action and asks for
an explanation. We show one Leduc 10r4s pair below; Liar’s Dice and FHP follow the same template
with game-specific user fields (Your dice / Bidding history for LD; Hole cards / Flop for
FHP).

Forward prompt (inference-time input to the student)

system: You are a poker AI playing Leduc Hold’em (10 ranks: 2–9/T/J, 4
suits: c/d/h/s, 40 cards total). Given the current game state and legal
actions, output your decision.
Format:
Policy: {action1: prob1, action2: prob2, ...}
Probabilities must sum to 1.
user: Information state: [Round 2][Player: 0][Private: 7h][Public:
3d][Sequences: cb]
Legal actions: [Fold, Call, Raise]
What is your action?

Forward output (full model response)

<think>
[reasoning trace; see §G.2 for a positive-delta sample]
</think>
Policy: {Fold: 0.60, Call: 0.39, Raise: 0.01}
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The backward prompt reveals a qualitative description of the expert action (never the raw Nash
probabilities) and asks the model to produce only a <think> block (no Policy: line); the action
target π∗(· | x) used by the M-step is supplied separately at training time, not parsed from the
backward output.

Backward prompt (E-step input; redacted, qualitative)

system: You are a poker strategy analyst for Leduc Hold’em (10 ranks:
2–9/T/J, 4 suits: c/d/h/s). Given a game state and a qualitative
description of the optimal strategy, explain the reasoning behind why this
strategy makes sense.
Focus on:
- Hand strength relative to possible opponent hands
- How the board card (if any) changes the situation
- What the betting history reveals about opponent’s likely range
- Pot odds and risk/reward of each action
Do NOT include specific probabilities or numbers in your reasoning.
Your output is reasoning only: put it inside <think> ... </think> and STOP
after closing </think>.
user: Information state: [Round 2][Player: 0][Private: 7h][Public:
3d][Sequences: cb]
Legal actions: [Fold, Call, Raise]
Optimal strategy description: Strategy type: mixed strategy. Fold: often;
Call: sometimes; Raise: never.
Explain the reasoning behind this strategy.

Backward output (E-step candidate trace)

<think>
[reasoning trace, qualitative only; emitted candidate is then scored by
forward delta and either kept or discarded by the M-step filter]
</think>

The forward delta ∆̄ is the per-token average log-probability the forward model assigns to π∗ given
this candidate trace as a prefix, minus the same quantity computed against the student’s own forward-
generated trace from the same state, so the candidate must beat the student’s self-baseline to survive
(§3.2, App. A.4).

G.2 High-Scoring Backward CoT (Positive Delta)

Game State (Leduc 10r4s)

Private card: 7h Public card: 3d Round: 2 (post-flop)
History: Player 1 checks, Player 2 bets, Player 1 to act.
Nash policy: {Fold: 0.62, Call: 0.38, Raise: 0.00}

High-Scoring CoT (∆ = +0.84)

<think> My hand is 7h and the public card is 3d, no pair. My opponent bet after I checked, which
often signals strength (a pair of 3s or a higher private card). With 7h, I beat cards 4–6 but lose to 8–T
and any 3 (which pairs the board). Given 10 ranks and 4 suits, roughly 60% of opponent hands beat
mine. The pot is offering me 2:1, so I need >33% equity to call profitably. My estimated 40% equity
makes calling marginal. The optimal play leans toward folding with a small calling frequency to avoid
being exploitable. </think>
Forward model prediction:
With this CoT: {Fold: 0.58, Call: 0.40, Raise: 0.02} (KL = 0.003)
Without CoT: {Fold: 0.33, Call: 0.33, Raise: 0.34} (KL = 0.41)
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The reasoning correctly identifies the key factors (relative hand strength, pot odds, opponent range)
and arrives at a policy close to Nash. The delta is strongly positive because the forward model,
without this reasoning, defaults to a near-uniform policy.

G.3 Low-Scoring Backward CoT (Rationalisation)

Low-Scoring CoT (∆ = −0.02)

<think> The optimal strategy here is to fold most of the time and call occasionally. Folding at 62%
and calling at 38% achieves Nash equilibrium. This is the game-theoretically optimal play. </think>
Forward model prediction:
With this CoT: {Fold: 0.35, Call: 0.31, Raise: 0.34} (KL = 0.39)
Without CoT: {Fold: 0.33, Call: 0.33, Raise: 0.34} (KL = 0.41)

This CoT reproduces the exact Nash probabilities (memorised) without genuine reasoning; it states
what to do but not why. The forward model cannot extract useful information from circular reasoning,
resulting in near-zero delta. On current LeAct poker data this exact-restatement pattern is a minority
mode (App. E), precisely the case delta scoring is designed to filter out.

G.4 NOCOT BC vs. LeAct on the Same Information Set

Game state (Leduc, top-rank pair)

Private card: Ts Public card: Th Round: 2 (post-flop)
History: rrc|c (pre-flop raise-raise-call; opponent check on flop).
Legal actions: Call, Raise. Nash policy: {Call: 0.00, Raise: 1.00}.

NoCoT BC Output (Memorised)

Policy: {Call: 0.00, Raise: 1.00}
(No reasoning trace; the policy is retrieved directly from the trained model’s tabular memory of the
state.)

LeAct Forward Output (Reasoned)

<think> What a powerful spot to be in. My private card is Ts: rank T, the 9th out of ten in the ordering
2 < 3 < 4 < 5 < 6 < 7 < 8 < 9 < T < J. Rank T beats 8 ranks (2 through 9) and loses only to J.
The community card is Th: rank T as well, so I have a pair of Tens, an extremely strong hand. In Leduc
Hold’em a pair always beats any non-pair hand. The only way I lose is if my opponent also holds a T,
giving them a pair of Ts and a tie; to actually beat my pair the opponent would need a pair of Js, which
requires the board to be J, not possible here since the board is T. Therefore my pair of Ts is unbeatable
except by a tie. The pre-flop went rrc: aggressive, lots of money already in. Post-flop my opponent
checked, showing weakness or a slow-play. With an unbeatable hand I should raise every time. There is
no reason to call and give a free showdown when I hold such a dominant hand; raising maximises value
extraction against any opponent holding that does not also have a T. </think>
Policy: {Call: 0.00, Raise: 1.00}
(Reasoned policy; exact match to Nash, and the chain of reasoning is human-readable.)

Both approaches arrive at the same near-Nash policy on this state, but through fundamentally different
mechanisms. NoCoT retrieves the policy from a memorised lookup; LeAct derives it through explicit
hand-strength, opponent-range, and frequency reasoning. At small scales the lookup suffices; at
80K states and beyond it stops fitting in model capacity, and the reasoning channel becomes the
load-bearing structure.
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G.5 Liar’s Dice Reasoning Trace

LeAct Liar’s Dice Reasoning

State: Player rolled a 3. Opponent claims “two 4s.”
Nash policy: {Call Liar: 0.71, Bid “two 5s”: 0.29}

<think> I rolled a 3, so I know there is exactly zero contribution from my die to face 4. For opponent’s
claim of “two 4s” to be true, both their die AND some other source need to show 4, but with only one
die each, the claim requires the opponent to have a 4. The probability of that is 1/6 ≈ 16.7%. So there’s
an 83% chance the claim is false, making “Call Liar” strongly +EV. However, bidding “two 5s” has
value as a strategic option: if I’m wrong about calling, I lose the round. A mixed strategy with 70%
call and 30% escalate balances the immediate expected value of calling with the strategic insurance of
continuing. </think>
Policy: {Call Liar: 0.69, Bid “two 5s”: 0.31}

This example demonstrates genuine probabilistic reasoning about hidden information: the model
calculates the probability of the opponent holding a 4, evaluates the expected value of calling vs.
escalating, and arrives at a mixed strategy close to Nash. This type of reasoning is absent in NoCoT
approaches and explains why LeAct succeeds (exploitability 0.002) where NoCoT BC fails on Liar’s
Dice (exploitability 0.838).

G.6 BuilderBench Reasoning Trace

The BuilderBench prompt format diverges from the poker domains: the system message specifies the
action schema (pick_and_place, pick_and_hold, eef_target, low_level) rather than a list of
legal action tokens; the user message describes a continuous state (end-effector pose + per-cube poses
and targets); and the model emits a JSON action object inside an <action> tag rather than a Policy:
line. The forward output shape is therefore <think>...</think><action>{...}</action>. The
backward prompt reveals the expert action verbatim, since the continuous-valued action arguments
rarely repeat across states and the recall shortcut that motivates poker’s qualitative redaction is not
available here. We show one cube-1 step below.

Forward prompt (BuilderBench, cube-1, t=0.04s)

system: You are an agent who must control a UR5e robot arm with a Robotiq
2F-85 parallel jaw gripper in a simulated environment with cube-shaped blocks.
[∼1.5K tokens of environment overview + action schema for pick_and_place,
pick_and_hold, eef_target, low_level + JSON output examples]
user: Time: 0.04 / 6.00
End Effector State
- End Effector pos: [0.450, 0.000, 0.250]
- End Effector yaw: 0.000
- Gripper: 0.000
Cube State
- Cube 0: pos=[0.400, 0.000, 0.020], yaw=0.000, target=[0.550, 0.000, 0.020],
success=False

Forward output (LeAct on the same step)

<think>
Goal is to move Cube 0 from its current pose to its assigned target pose.
The simplest and most reliable option is to execute a single high-level
pick-and-place: grasp Cube 0 with a standard parallel-jaw grasp orientation
and place it at the target position with the target yaw.
</think>
<action>
{"type": "pick_and_place", "cube_id": 0, "grasp_yaw": 0, "pos": [0.55,
0.0, 0.02], "yaw": 0.0}
</action>
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Backward prompt (E-step input; expert action revealed verbatim)

system: [same environment overview + action schema as the forward prompt]
user: Time: 0.04 / 6.00
[end-effector + cube state, identical to forward]
Action taken: {"type": "pick_and_place", "cube_id": 0, "grasp_yaw": 0,
"pos": [0.55, 0.0, 0.02], "yaw": 0.0}
Explain why this action is the correct choice given the current state.

Backward output (E-step candidate trace; think-only)

<think>
The cube starts at [0.400, 0.000, 0.020] and must end at [0.550, 0.000,
0.020], both at z= 0.020 (ground), differing only in x. A single
pick_and_place is therefore sufficient; there is no obstacle along the
path and no need to lift to an intermediate height. The standard grasp
orientation grasp_yaw= 0 aligns the jaw with the cube’s ±x faces, which
is consistent with the cube’s yaw= 0; placement yaw= 0 preserves orientation.
No collision-avoidance plan is needed since the workspace contains a single
cube.
</think>

The qualitative shape of the gain mirrors poker: backward generation produces traces that connect the
observable state (cube pose, target pose, no obstacles) to the expert’s structural choice (pick_and_place
vs. pick_and_hold; grasp_yaw= 0 vs. 1) through a chain of physical-plausibility steps, and forward-
delta selection keeps only those traces under which the student’s prediction of the expert action
improves over its own self-baseline. The cross-domain replication on 46 tasks (Table 3) shows the
same load-bearing role for the E-step.

H Game-Theoretic Background

H.1 Extensive-Form Games and Information Sets

An extensive-form game is defined by a game tree where nodes represent decision points and edges
represent actions. In games of imperfect information, a player cannot distinguish between certain
nodes; the equivalence classes of indistinguishable nodes are called information sets. A behavioural
strategy πi for player i assigns a probability distribution over actions at each of player i’s information
sets.

H.2 Nash Equilibrium and Exploitability

A Nash equilibrium is a strategy profile (π∗
1 , π

∗
2) such that no player can improve their expected

payoff by unilaterally deviating. In two-player zero-sum games, the Nash equilibrium is unique
in payoff and can be computed exactly. The exploitability of a strategy π̂ measures how much an
optimal opponent can gain:

Expl(π̂) = max
π′

v(π′, π̂)− v∗, (19)

where v(π′, π̂) is the expected payoff when the opponent plays a best response π′ and v∗ is the Nash
equilibrium value. Expl(π∗) = 0 for any Nash equilibrium strategy π∗.

For multi-player games (n ≥ 3), we use NashConv, the sum of each player’s incentive to deviate:

NashConv(π) =
n∑

i=1

[
max
π′
i

vi(π
′
i, π−i)− vi(π)

]
. (20)

H.3 Counterfactual Regret Minimisation (CFR)

CFR [61] is the standard algorithm for computing Nash equilibria in extensive-form games. It
iteratively updates each player’s strategy to minimise counterfactual regret, the difference between
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the payoff of each action and the payoff of the strategy actually played, weighted by the probability
of reaching each information set. The average strategy profile converges to a Nash equilibrium. We
use CFR (and MCCFR for the largest variant) as the expert oracle throughout our experiments.

H.4 Leduc Hold’em

Leduc Hold’em [44] is a simplified poker game. A deck contains R ranks and S suits (e.g., R = 13,
S = 4 for our largest variant). Each player is dealt one private card, followed by a round of betting
(check or bet). A single public card is then revealed, and a second round of betting occurs (check,
call, or raise). If neither player folds, the player whose private card matches the public card (forming
a pair) wins; otherwise the highest private card wins. The number of information sets scales roughly
as O(R2 · S2 · |histories|).

H.5 Liar’s Dice

In our Liar’s Dice variant, each of two players privately rolls a single die with F faces. Players
alternate making bids of the form “at least q dice show face f” (with bids that must strictly increase),
or challenging the previous bid by calling “Liar.” When “Liar” is called, dice are revealed: if the bid
was truthful the challenger loses, otherwise the bidder loses. With one die and six faces, the game has
24,576 information sets.

I Additional Experimental Details

I.1 Domain Summary

Table 10: Domain summary with infoset count, oracle, and metric. Leduc “N rMs” is N ranks ×
M suits per rank (so 10r4s = 40-card deck); Liar’s Dice uses the 1d6f variant; 3-Player Leduc uses
3r2s parameters. †FHP’s infoset count is the full-tree estimate [6]; the streaming DeepCFR teacher
covers 2,343,732 unique infosets along policy-induced trajectories (App. F).

Domain # Info Sets Players Expert Oracle Evaluation Metric

Leduc 6r2s 4,032 2 CFR Nash Exploitability
Leduc 10r4s 47,040 2 CFR Nash Exploitability
Leduc 13r4s 79,872 2 CFR Nash Exploitability
Liar’s Dice (1d6f) 24,576 2 CFR Nash Exploitability
3-Player Leduc 3r2s 13,878 3 CFR Nash NashConv
Flop Hold’em (FHP)† ∼109 2 DeepCFR KL to teacher
BuilderBench 51 tasks 1 Frontier-model trajectories Pass@K, cube placement

I.2 BuilderBench Task Partition

We evaluate on 46 of the 51 BuilderBench tasks (5 are excluded for exceeding the 8,192-token context
window), split by trajectory-pool success. In-domain (26 tasks): at least one of the three frontier
oracles (Claude Opus 4.6, Gemini 3 Flash, GPT-5.2) produced a fully-successful episode in the
trajectory pool, so the SFT data contains a golden trace. OOD (20 tasks): the best-of-3 frontier-model
trajectory pool produced no successful trajectory, so any progress on these tasks is net-new training
signal beyond the teacher pool. Per-oracle solve counts: Claude Opus 4.6 24/51; Gemini 3 Flash
24/51; GPT-5.2 15/51; any-oracle union 26/51. Solve-status lists are fixed by oracle data collection
and do not change across LeAct iterations.

I.3 Coldstart Construction

The coldstart phase fine-tunes Qwen3-8B on a domain-specific format-priming corpus. Three coldstart
variants are used across our experiments: NOCOT (state→ action only), COT (state→ forward
CoT→ action), and joint forward+backward (one SFT mix containing both forward training pairs
and backward state, action→CoT pairs). The corpus source depends on what the oracle provides.
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Leduc, Liar’s Dice, 3-player Leduc. Frontier-LLM sub-agents (Claude, Gemini, GPT-5) are
prompted to produce candidate (CoT, action) pairs at every infoset; the action target is then replaced
by the CFR solver’s exact Nash distribution before SFT. For joint variants, the backward direction is
prompted with the oracle’s qualitative action summary (e.g., “mostly fold with occasional calls”)
rather than exact probabilities, the same redaction protocol used in LeAct’s E-step (§3.3) to discourage
Nash-number recall. Coldstart corpus sizes per setting: 4,032 examples for Leduc 6r2s (NOCOT,
full coverage of all 4,032 infosets), 2,800 for Leduc 10r4s joint (1,400 forward + 1,400 backward, a
sampled subset of the 47,040 infosets to keep frontier-LLM API generation cost bounded), ≈49,000
for Liar’s Dice joint (full coverage of all 24,576 infosets in both directions), and 27,756 for 3-player
Leduc joint (13,878 forward + 13,878 backward, full coverage). Leduc 13r4s reuses the Leduc
10r4s joint-coldstart checkpoint rather than running a fresh coldstart, isolating the scaling effect from
coldstart variance.

Flop Hold’em. Exact CFR is intractable, so coldstart CoTs are generated off-GPU by frontier-model
sub-agents (Claude Opus 4.6 / Sonnet 4.6 / Haiku 4.5) prompted with the infoset description and
the DeepCFR teacher’s policy. Each sub-agent emits a ⟨reasoning, action, policy⟩ triple in a single
forward pass; the reasoning block embeds both the forward justification and the backward explanation,
so no separate backward direction is generated. Outputs are validated for hole-card faithfulness
(both hole cards named or referenced by exact-card token) and flop-rank coverage before inclusion,
guarding against Leduc-style framing. The resulting corpus contains 1,510 NOCOT and 1,510 COT
examples (3,020 merged for joint).

BuilderBench. The coldstart corpus is the frontier-model trajectory pool itself: the first successful
episode per (task, model) pair from three frontier agents (GPT-5.2 as a CoT-and-act agent, Claude
Opus 4.6 and Gemini 3 Flash as reflexion agents). The joint forward+backward SFT mix contains
14,144 examples across the 51 BuilderBench tasks; the resulting checkpoint is the “Coldstart” anchor
in Table 3 b.

All coldstart SFT runs use 3 epochs at lr 1×10−4 for poker domains and BuilderBench, 2×10−5 for
FHP; remaining hyperparameters follow Table 11.

I.4 Hyperparameters

Table 11 summarises the training hyperparameters used across all domains and methods. All
experiments use Qwen3-8B as the base model, LLaMA-Factory for SFT with FSDP full_shard on
2–4 NVIDIA H200 GPUs, and vLLM for inference. Sampling parameters: temperature T = 1.0, top-
p = 0.95, top-k disabled, frequency penalty 0, repetition penalty 1 (vLLM defaults), max generation
4,096 tokens for game domains and 8,192 tokens for BuilderBench.

Table 11: Training hyperparameters per experimental condition. Learning rates and epoch counts
are scale-tuned: small Leduc variants tolerate aggressive schedules under full coverage, while 13r4s
and FHP use longer warmup to avoid collapse on a wider distribution. We standardise on top-2
selection across the paper; N=8–16 for backward sampling.

Setting Method Epochs LR Selection K Gen. N GPUs

Leduc 6r2s ExIt / LeAct 1–3 2e-6 – 5e-6 top-2 8–32 2
Leduc 10r4s NoCoT BC 1 2e-6 top-2 8–32 2
Leduc 10r4s LeAct 1–3 2e-6 – 5e-6 top-2 8 2–4
Leduc 13r4s NoCoT BC 3 1e-5 top-2 8 4
Leduc 13r4s LeAct 3 5e-6 top-2 8–16 4–8
Liar’s Dice LeAct 3 2e-6 top-2 8 2
3-Player Leduc LeAct 3 2e-6 top-2 8 2
FHP (∼109) LeAct (DeepCFR) 3 5e-5 top-2 8 8
BuilderBench LeAct 1–3 1e-5 top-2 8–32 4

All experiments share the following defaults: AdamW (β1 = 0.9, β2 = 0.999, weight decay 0.01)
with cosine LR decay and a 3% linear warmup; max sequence length 2048 tokens for game domains
and 8192 for BuilderBench; per-device batch 4–8, giving an effective batch of 16–64 depending on
GPU count; bf16 mixed precision under PyTorch FSDP full_shard with Qwen3DecoderLayer
wrapping. Each headline cell is trained once per (method, setting) and evaluated under 3 inference
seeds; reported single-sample / BON metrics are best-across-epochs on the full game tree, with std
across the 3 evaluations reported in Table 8.
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I.5 E-Step Load-Bearing Ablation Study

Two ablations test whether backward-delta selection contributes signal beyond what coverage alone
provides; both share the production training recipe summarised above.

Random vs forward-delta ranking (K=1 sharpening). We compare random ranking and forward-
delta ranking on the same LeAct R2 backward pool at Leduc 10r4s, sharpened to K=1 per infoset
(within-pool IoU ≈ 0.13 instead of ≈ 0.50 at K=4) so that each arm commits to a single CoT
per infoset and exposes the within-positive ranking signal. Both arms train from the same coldstart
base on the same R2 backward pool with hyperparameters held matched; the comparison is between
selection rules, not between training pipelines. Reported metrics (Fig. 3a) are full-tree single-sample
and BON-of-8 exploitability on all 47K Leduc 10r4s infosets at the best epoch in each arm.

Recall-stratified delta on backward pools. On the LeAct R2 backward pools at Leduc 10r4s
(N=374,272 candidates) and Leduc 13r4s (N=638,976 candidates; N=393,512 after filtering
trivial-policy states), we compute mean positive forward delta partitioned by whether each candidate
CoT contains at least one verbatim Nash probability. Stratification is on the full unfiltered candidate
pool (not on selected CoTs), so the partition spans the entire pre-selection distribution; per-stratum
positive-delta means are reported in Fig. 3b. Verbatim detection uses exact substring matching against
the per-state π∗ probabilities at three-decimal resolution.

I.6 Compute Budget

Table 12 estimates the GPU-hours for each phase of the experimental pipeline. Generation and
scoring are the dominant costs.

Table 12: Per-phase GPU-hour estimates on NVIDIA H200 (141GB). Generation and scoring
scale with infoset count and dominate at small to mid scales; SFT becomes the largest single phase
only at FHP. Units suppressed in cells; FHP figures are observed R1 wall-times. † FHP coldstart CoT
was generated off-GPU by frontier-model agents (Claude Opus 4.6 / Sonnet 4.6 / Haiku 4.5); the <1
figure is the action-only forward pass over the coldstart trace pool.

Phase Leduc 10r4s Leduc 13r4s Liar’s Dice FHP

CFR solver (CPU) 0.5h 2h 0.5h DeepCFR (pre-trained)
Coldstart data gen 4 8 4 <1†

Coldstart SFT 2 4 2 16
ExIt generation (N=8) 8 16 8 10
ExIt SFT (per round) 2 8 2 16
LeAct backward gen (N=8) 16 32 8 22
LeAct forward scoring 16 32 8 8
LeAct SFT (per round) 4 16 4 30
Evaluation (per checkpoint) 2 4 2 4

Total per LeAct round ∼38 ∼84 ∼22 ∼64

The total compute for the reported experiments (including all iterations, ablations, and baselines) is
approximately 1,500 GPU-hours on H200s. The full research project, including failed experiments
and hyperparameter searches, consumed approximately 5,000 GPU-hours.

I.7 Scope clarification: LeAct is not an LLM-as-game-player method

LeAct is a recipe for synthesising CoT supervision from any silent action oracle, evaluated on
imperfect-information games and a robotics domain because each provides a clean external author-
ity on π∗. We are not proposing a new way for LLMs to play poker; consequently the relevant
comparators in §2 are CoT-supervision and expert-iteration methods, not LLM-game methods. For
completeness we note where recent LLM-game work sits relative to ours. Cicero [32] pairs a dialogue
LM with a separate planning module on Diplomacy. Suspicion-Agent [12] prompts a frozen GPT-4
on Leduc-style games with a theory-of-mind scaffold. PokerBench [60] is direct behaviour cloning of
solver-labelled NLHE hands without an explanation channel. SPIRAL [28] uses multi-agent self-play
RL on zero-sum games and reports reasoning transfer to general benchmarks. ToolPoker [25] keeps
the solver in the loop at inference time as an external tool the LLM invokes. None of these axes
(frozen prompting, action-only behaviour cloning, on-policy RL, inference-time tool use) coincides
with LeAct’s axis (training-time CoT supervision filtered by a forward likelihood delta against an
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external oracle), and our NOCOT BC baseline already covers the action-only behaviour-cloning slot
inside our experiments at matched data budget.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Abstract and introduction claims are supported by Tables 8 and 2 in Sections 5–
6; the stated scope is action-oracle domains, evaluated on six imperfect-information games
and a robotics cube-stacking benchmark.

Guidelines:

• The answer [N/A] means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A [No] or
[N/A] answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification: Section 7 discusses the central scope limitation: all experiments share a single
8B student to keep cross-domain comparisons compute-controlled, leaving the interaction
between LeAct and frontier-scale students as a direct extension.

Guidelines:

• The answer [N/A] means that the paper has no limitation while the answer [No] means
that the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate “Limitations” section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

33



Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [N/A]

Justification: The paper is empirical and presents no formal theorems. The IWAE-derived
delta-scoring objective (Equation 4, full derivation in Appendix A.1) is a definition and
approximation, not a theorem requiring proof.

Guidelines:

• The answer [N/A] means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Section 4 specifies the base model (Qwen3-8B), domains, oracles, evaluation
metrics, and the LeAct algorithm (Algorithm 1); training hyperparameters are in Table 11.
Game environments use OpenSpiel.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• If the paper includes experiments, a [No] answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

34



(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We will release the complete codebase (generation, scoring, merging, evalua-
tion, and training scripts) with reproduction instructions. Game environments use OpenSpiel
(Apache 2.0); the base model Qwen3-8B is publicly available; training data is synthetic and
reproducible from the released code.

Guidelines:

• The answer [N/A] means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not
be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: Section 4 and Appendix I.4 (Table 11) cover the training pipeline (coldstart,
COT EXIT, LeAct), per-domain hyperparameters, optimizer (AdamW with cosine schedule
and linear warmup), FSDP configuration, and evaluation metrics.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
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Justification: Table 8 reports standard deviations across multi-seed training runs (each seed
produces one trained policy; std is taken across the per-policy exploitability or NashConv
values). Table 2b reports FHP chip outcomes with ± standard error. Methodology in
Appendix D.1.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The authors should answer [Yes] if the results are accompanied by error bars, confidence

intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

• If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Hardware (NVIDIA H200, FSDP) and software (LLaMA-Factory for SFT,
vLLM for inference) are specified in Section 4; per-phase GPU-hours and total compute are
in Appendix I.4.

Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Training uses synthetic data from game-theoretic solvers and frontier-LLM
trajectories; no human subjects, personal data, or sensitive content is involved. The base
model (Qwen3-8B) and game frameworks (OpenSpiel) are publicly available.

Guidelines:

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.
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• If the authors answer [No], they should explain the special circumstances that require a
deviation from the Code of Ethics.

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The primary impact is positive: enabling LLMs to learn reasoning from existing
expert systems (planners, theorem provers, robotic-control libraries) without additional
human annotation (Section 7). Trained models are domain-specific (poker variants and a
cube-manipulation simulator) with no general-purpose capability uplift over the Qwen3-8B
base.

Guidelines:

• The answer [N/A] means that there is no societal impact of the work performed.
• If the authors answer [N/A] or [No], they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: Trained models are domain-specific (poker variants and a cube-stacking
simulator) with no general-purpose capabilities beyond the narrow tasks they are trained on;
the base model Qwen3-8B is publicly available and our fine-tuning does not add general
capabilities.

Guidelines:

• The answer [N/A] means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.
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• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: All assets are cited at first mention with permissive licenses: OpenSpiel [22]
(Apache 2.0), Qwen3-8B [36] (Apache 2.0), LLaMA-Factory and vLLM (Apache 2.0),
DeepCFR [6] for the FHP teacher, BuilderBench [9] (MuJoCo, Apache 2.0); Leduc poker
follows Southey et al. [44].
Guidelines:

• The answer [N/A] means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [Yes]
Justification: We release the LeAct codebase (generation, scoring, merging, evaluation,
training configurations) and pre-computed Nash policy tables, with reproduction scripts for
the main experiments.
Guidelines:

• The answer [N/A] means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [N/A]
Justification: No crowdsourcing or human subjects; all training data is synthetic
(CFR/DeepCFR solvers and language model outputs).
Guidelines:
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• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [N/A]
Justification: This paper does not involve research with human subjects.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.
Answer: [Yes]
Justification: LLMs are the central subject. Qwen3-8B is the experimental student fine-tuned
end-to-end under LeAct. For BuilderBench, frontier LLMs (Claude Opus 4.6, Gemini 3
Flash, GPT-5.2) serve as the action oracle through their trajectory pool (Appendix I.3). Full
description in Sections 3–4.
Guidelines:

• The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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